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gnstrnct. In this pa[a we will design an input control to track the output of a
non-minimum phase nonlinear system. The design of the input control is based
on an input-output linearization method and gradient descent control. To
perform the design of the input control, the other output should be selected such
that the systems becomes minimum phase systems. Furthermore, the desired
output of the output which has been selected will be set based on the desired
output of the original system.
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1. Introduction

A system called minimum phase systems if the origin of the zero dynamics
is asymptotically stable, but if zero dynamics is unstable, then the system called
non-minimum phase [6] . In [1], Isi@ri has shown that for the minimum phase
systems, then it can be choose a static control law such that the output of the system
goes to zero while keeping the state of the system bounded locally. While that in
[2] has introduced a dynamic feedback control which is a modification of the
steepest descent control. The modified steepest descent control success to handle
the problem that arise if relative degree of the nonlinear system not well defined.
Recently, output tracking probleffls on nonlinear non-minimum phase systems have
been investigated intensively. The stable inversiof@proposed in [3], [4] is an
iterative solution to the tracking problem with the unstable zero dynamics. This
method requires the system to have well defined relative degree and hyperbolic
dynamics, i.e. no eigenvalues on imaginary axis. In [5], proposed the dBhtrol design
procedure for the output tracking. The design procedure consists of two steps. In
the first step, the standard input output linearization is applied. In the second step,
we group a subset of the output with the internal dynamics as one subsystems,
which is usually nonlinear, and the rest of output as the other subsystem which is
linear, the nonlinear subsystems is linearized about its equilibrium. In [7], Riccardo
EBarino and Patrizio Tomei have shown how to design a globally stabilizing
dynamic output feedfg§k controller of order n + 2(p — 1)(n is the system order, p is
the relative degree) for a class of nonlinear nonminimum phase systems. The
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system are required to be mirfffium phase with respect to a linear combination of
the state variables. In [8], the asymptotic output tracking which is a class of causal
nonminimum phase uncertain nonlinear systems is achieved by using higher order
sliding modes (HOSM) without reduction of the input-output dynamics order. In
[9]. a new nonlinear dynamic controller is described based on the gradient descent
control. Performance index is generated by error of output system from output
desired value and internal state of the system. adding of an internal state to
maintain the stability of internal dynamic of the system.
In this paper, we will design the input control which ensures that the nonlinear
system is stable asymptotically. If the system has relative degree well defined, we
used the input output linearization method [1] to design input control. Then if the
relative degree of the system is not well defined, to design of the input control
based on the modification of the steepest descent control. Modification is the
addition of an input artivisial of the steepest descent control. Furthermore, the
desired output of the output which has been selected will be set based on the
desired output of the original system.

2. Output Tracking
We will investigate the output tracking for a non-minimum phase nonlinear
system. The non-minimum phase system in the following form :

X = Ax+bu+oly,x R u R (1)
Yy = x (2)
in which @(y) is a smooth vector field in R" with ¢(0) =0, b= [0,...,0,b,....,b,]" with
br6=10,
of [Py e
0 [Il AL
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Our objective is to make the output system (1)-(2) tracks the desired output
while keeping the state bounded. To keep the state bounded is difficult for non-
minimum phase system. In this paper, we design a controller such that the output
system (1)-(2) tracks the desired output while keeping the state boundedBJTo
perform the design of the input control, the other output should be selected such
that the system (1) becomes minimum phase with respect to a new output. Thus, in
this paper we assume that

Assumption 1. There exists a linear combination of the state variables u = t\x such
that the zero-dvnamics (1)-(2) is asymptotically stable.

We consider the system (1)-(2). Based on assumption 1, consider now a new
output
Z1=p = tx = (tu,...,.Ha)x

with the relative degree of system (1) with respect to g is still equal to r. The
system (1) can be transformed to
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. [3}
z, = bz) + a@u, n° =

g(z) y =z

Before applying the control law, we have to set up the output desired for z1, i.e. z1a.
In this paper we consider the system which satisfies the following assumption

Assumption 2. 4(x) =x;, [ [ {2,...n} then x';= fi(x;,x)) can
be solved by substituting x,= y(f)

Tl‘lllS, A= x/(1).
Based on assumption 2, we obtain

zld = t1lyd + t1242d + -+ + t1nind

. r—1) (r—1)
letél = 21 — 21d; €2 = 21 — 21d, ***, €p = -3(| ~ %14 . Thus
€'k = ew,l..,r-1
e, = ble+z4,m) + ale+ zg.n)u — :}:I]’ (4)
n = gle+zq4n,n).
By choosing
1 / (r) : (i—1)
U= ———(=ble+ z4,9) + 2 (¥ (e;
ale + zq4, i;][ \ ! ” 1d § (=" }} (5}
where ¢g,c¢y,...,c are real numbers,
e(t) = col(ey(1). ..., e (1) and zu(t) = col(z,4(1). :LI,){!}. e :E:r] :'[!'}]

Then system (4) can be written as

e = Ae (6)

n" = qle+zqn), (7)

where the matriks A has a characteristic polynomial : p(s) = co + c15 + -+ +
cr—1sr—1+sr.

By choosing the value of ¢;;i = 0,...,r such that all the roots oh the polynomial p(s)
have negative real part, and applying the control law (5), then the equilibrium point
(e,n) = (0,0) of the system (4) is asymptotically stable. (see Proposition 4.5.1 in
(1.

Thus e tend to zero if time ¢ goes to infinity. Then z tend to zis if time ¢ goes to
infinity. Thus x; tracks to the desired output y.(f).

Next, if the relative degree of the system (1)-(2) is not well defined.
We construct the performance index as a descent function as follow :

2

F(21,71,...,27(t)) = (Zfr_,{:l ‘-m:"'“)
=0

(®)

By Trajectory Following Method” [10], the control u is determined from the
differential equation
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=0

. aF d ( Az — z1a)™)
= —_—— = =2a, N —— (7) | 2\=1 _ ~la)
! u “ar (Z aj(21 = Z14) ) u
, )]
where the control law in (9) is called the steepest descent control [2]. Furthermore

calculate the time derivative of descent function (8) along the trajectory of the
extended system

“.;, = ::..+.|. A. =I ,j..,-.,a —) 1 (10)
.,-. : H(: B u: + bz, nu (11)
n = qlz.n (12)
" . ( )z — z14)"
i = 2a, aj(z; — z1a)"’ ;7
(; ! du . (13}
Now, we have
f:‘(r i gy = E*+£5+E{:
al it V= \8:" """ u ) (14)

From equation (14), we see that the value of time derivative of the descent function
along the trajectory of the extended system can not be guaranteed to be less than
zero fort = 0.

Now we modify the steepest descent control (9) by adding an artificial input v.
Then the extended system (1) becomes

¥ = Axtbutoep),x R, ulR (15)
_ R,
|l R (16)
From equation (14), we have
L ) OF . OF .\ OF. OF [ OF
Fly.1,..., yMN=—it+—ti)|=—it+—|—-——=—+v
ox du dx du du . (17)
From Sontag formula, we get
f 2 2
1 ar / (UF .t aF\~
V= == — - — T Ty
IF O \/ O du
u . [18}

The control law in equation (16) is called as modified steepest descent control.
Based on the modified steepest descent control, then F (y,y,...,y" <0, if

r )
(E-f—" a;(21 = 21d) ) /=0, Thus, if we choose 4; such that the polynomial
p(s)=ap+ as + - + a8 '+ 5" is Hurwitz, z; tend to z,4if time ¢ goes to infinity.
Thus x1 tracks to the desired output ya(1).

Example 1. Consider the nonlinear system (SISQO)
X1 = rp + ‘2.r"‘]3

X2 = g u+ 2a7 (19)
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X '3 = U — -1,;‘.1?
Yy = Xy Ya=sin(t).

The nonlinear system (19) has relative degree 2 at any point x, (relative degree of
the system is well defined). In normal form, the nonlinear system (19) becomes

71 = Iy
7 = = -I:'f— zot+4n1z0+ 07— u (20)
n = n-2z

Because the stability of zero dynamics is unstable, the nonlinear system (19) is the
non-minimum phase. Now, redefining output z; = g = x, + 2x, + 2x3. By considering

the new output, the relative of the system (19) is 2 at any point xp
and normal form

Z =
Z5 = b(z)+alz)u (21)
= -N+2

where b(z) =x3— 6x7 — 4xrxa— 81, a(z) = 1. The zero-dynamics of the system
(19) are asymptotical stable. Thus the system (19) is the minimum phase with

35—~

Figure 2: Output tracking (original system) y to y4
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respect to a new output.

Let yu(f) = sin(f) = x14(f). Next, we chose z14(¢) such that if z,(f) tracks z,4(f), then
»(t) tracks to the desired output yu(¢). By replacing xi with x14¢) = sin(f), then we
have xas = cos(f) — 2sin’t. By replacing x> with x24(f), we have a differential
equation “x;— x3= sin(f) + 2sin(2¢) — 2sin’t.

Thus xsa= —1/2cos(f) — 1/2sin(f) — 2cos’t + 2. Next, zia= x1a+ 2x2a+ 2x3a = cos(t).
According to (5), the input control is

u=-b(z)+z'1u—clzi—z) —elz’'1—z1'a)

Simulation results are shown in Figure 1 and in Figure 2 for constants: ¢p= 6, ¢ =
10. Initial value: x,(0)= 0, x2(0) = 1, x3(0) = 1.

In Figure 1, the output which has been selected such that the system become

minimum piffe track the desired output z1a.
In Figure 2, the output of the original system track the desired output y,.

Figure 3: Output tracking z, to zy4

Example 2.

X1 = rg + 2]

X = 3 — zou-— 217 (22)
X3 = XalU

v = Xy, Ya=sin(t).

The nonlinear system (22) has relative degree 2 at any point xy 6= 0 (relative degfle
of the system is not well defined). The system (22) is the non-minimum phase. By
considerin@jthe new output z, = g = x, +2x, +2x3, the zero dynamic are "y = —.
Therefore the system (22) is minimum phase with respect to the new output. By
the same method as in example 1, obtained z 4= x4+ 2x24+ 2x34= cos(¢).
According to (9), the modified steepest descent control is " = —2xaax(an(z) — z14) +

afz’y — zy ) +oaxz"y — z7w)) v, (23) with v as in (18). Simulation results are
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shown in Figure 3 and in Figure 4 for constants: ao= 35, a1 = 12, a2 = 1. Initial
value: x1(0) =0, x2(0) =1, x3(0) = 1, u(0) = 1.

In Figur@®, By modified steepest descent control, the the output which has been
selected sucffthat the system become minimum phase track the desired output z,,.
In Figure 4, the output of the original system track the desired output y,.

|‘_'".| —

Figure 4: Output tracking (original system) y to yy

3. Conclusions

In this paper, we have investigated the output tracking for a class of
nonlinear non-minimum phase system (1)-(2). The input control has been designed
{EB: the output tracking. To perform the design of the input control, the system@{1)
are required to be minimum phase with respect to a new output, where the new
output is a linear combination of the state variables. Furthermore, the desired new
output will be set based on the desired output of the original. If the system (1) has
relative degree well defined with respect to the new output, we used the input
output linearization method to design the input control. Then if the relative degree
of the system (1) is not well defined with respect to the new output , to design of
the input control based on the modification of steepest descent control.
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